A HELSON-SZEGO THEOREM FOR SUBDIAGONAL SUBALGEBRAS WITH 
APPLICATIONS TO TOEPLITZ OPERATORS 
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Abstract. We formulate and establish a noncommutative version of the well known Helson- 
Szego theorem about the angle between past and future for subdiagonal subalgebras. We then 
proceed to use this theorem to characterise the symbols of invertible Toeplitz operators on the 
noncommutative Hardy spaces associated to subdiagonal subalgebras. 



1. Introduction 

Let T be the unit circle of the complex plane equipped with normalised Lebesgue measure dm. 
We denote by H P (T) the usual Hardy spaces on T. Let P + be the orthogonal projection from L 2 (T) 
onto H 2 (T). The classical Hclson-Szego theorem [T3] (see also [T2J section IV. 3]) characterises those 
positive measures /ionT such that P+ is bounded on L 2 (T, pj). The condition is that p is absolutely 
continuous with respect to dm and the corresponding Radon-Nikodym derivative w satisfies 

(1.1) w = e u+ * for two functions u,v £ L°°(T) with \\v\\ 00 <ir/2 1 

where v denotes the conjugate function of v. 

The motivation of this theorem comes from univariate prediction theory. Let V+ denote the 
space of all polynomials in z, and V- the space of all polynomials in z without constant term. 
V = P+ + V- is the space of all trigonometric polynomials. Then P + is bounded on L 2 (T, p) if 
and only if V+ and V- are at positive angle in L 2 (T,p). Recall that the angle between V+ and 
V- is defined as arccos of the following quantity 

p = sup{| / fgd[j,\ : f eV+,g eV-,\\f\\ L 2(T tlJ ,) = \\g\\ L 2(j >fl) = l}. 

JT 

Thus P+ is bounded on L 2 (T, p) if and only if p < 1. 

In multivariate prediction theory one needs to consider the matrix-valued extension of the 
Hclson-Szego theorem. Let M n denote the full algebra of complex n x n-matrices, equipped with 
the normalised trace tr. Let P + (M„) denote the space of all polynomials in z with coefficients in 
M n . V-(M. n ) and V(M n ) have similar meanings. Let w be an M„-valued weight on T, i.e. w is an 
integrable function on T with values in the family of semidefinite nonnegative matrices. For any 
trigonometric polynomials / and g in P(M n ) define 



(/, g) w = / tr(g*fw)dm and \\f\\ w = </, f)]l 2 , 

JT 

where a* denotes the adjoint of a matrix a. Like in the scalar case, define 

p = sup {| / tv(g*fw)dm\ : / £ V+(M n ),g e V-(M n ), \\f\\ w = \\g\\ w = l}. 

JT 

Again, p < 1 if and only if P + Cg> Hm„ is bounded on P(M„) with respect to || 1 1 ^ . The problem 
here is, of course, to characterise w such that p < 1 in a way similar to the scalar case. This time 
the task is much harder, and it is impossible to find a characterisation as nice as ([1.1)1 . Numerous 
works have been devoted to this subject, see, for instance HI [TUJ [201 [23 [27]. In particular, 
Pousson's characterisation in [22] is the matrix- valued analogue of a key intermediate step to (|l.l)l . 
It is strong enough for applications to the invertibility of Toeplitz operators. 
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The preceding two cases can be put into the more general setting of subdiagonal algebras in the 
sense of pQ. We will provide an extension of the Helson-Szego theorem in this general setting. This 
is the first objective of the paper. 

Our second objective is to study the invertibility of Toeplitz operators. It is well known that the 
Helson-Szego theorem is closely related to the invertibility of Toeplitz operators. This relationship 
was remarkably exploited by Devinatz [5]. Pousson [5TJ[32] then subsequently extended Devinatz's 
work to the matrix-valued case. Using our extension of the Helson-Szego theorem, we will char- 
acterise the symbols of invertible Toeplitz operators in the very general setting of subdiagonal 
algebras. 

We end this introduction by mentioning the link between the Helson-Szego theorem and Muck- 
enhoupt's A2 weights. Let w be a weight on T. Hunt, Muckenhoupt and Wheeden [T5] proved that 
the Rlesz projection P + is bounded on L 2 (T,u>) if and only if 

(1.2) sup |7[/ w_1 < °° ' 

where the supremum runs over all arcs of T. Such a w is called an ^-weight. Thus for a weight 
w the two conditions and (|1.2[) are equivalent via the boundedness of the Riesz projection. It 
seems that it is still an open problem to find a direct proof of this equivalence. 

Hunt, Muckenhoupt and Wheeden's theorem was extended to the matrix-valued case by Treil 
and Volberg [57] ■ Namely, let w now be an M„-valued weight on T. Then P + (g> IdM„ is bounded 
on V(M. n ) with respect to || \\ w if and only if 

s r\\(v\ i w y /2 (v\ (v\i w y /2 L <o °- 

It is not clear for us how to extend Treil and Volberg's theorem to the case of subdiagonal 
algebras. On the other hand, Hunt, Muckenhoupt and Wheeden also characterised the boundedness 
of P+ on L P (T, w) for any 1 < p < 00 by the so-called A p weights. A well known open problem 
in matrix-valued harmonic analysis is to extend this result to the matrix- valued case; even to the 
very general one of subdiagonal algebras. 

2. Preliminaries 

Throughout the paper M will be a von Neumann algebra possessing a faithful normal tracial 
state r. The associated noncommutative L p -spaces are denoted by L P (M). We refer to [TH| for 
noncommutative integration. For a subset S of L P (M), we will write [S] p for the closure of S in 
the L p -topology. On the other hand, S* will denote the set of all Hilbert-adjoints of elements of 
S. When an actual Banach dual of some Banach space is in view, we will for the sake of avoiding 
confusion prefer the superscript *. For example the dual of M will be denoted by M*. Because 
M is finite, there will for any von Neumann subalgebra N of M, always exist a normal contractive 
projection \P : M — > N satisfying 70^ = 7. This is the so-called normal faithful conditional 
expectation onto N with respect to r. 

A finite subdiagonal algebra of M is a weak* closed unital subalgebra A of M satisfying the 
following conditions 

• A + A* is weak* dense in M ; 

• the trace preserving conditional expectation $:M— )-AnA* = Dis multiplicative on A: 

$(a&) = $(a)$(6), a,beA. 

In this case, D is called the diagonal of A. We also set Ao = A n Ker($). In the sequel, A will 
always denote a finite subdiagonal algebra of M . 

Subdiagonal algebras are our noncommutative if°°'s. The most important example is, of course, 
the classical H°°(T) on the unit circle. Another example important for multivariate prediction 
theory is the matrix-valued H°°(T). More precisely, let M = L°°(T) ® M„ = L°°(T;M„) equipped 
with the product trace, and let A = H°°(T; M n ) - the subalgebra of M consisting of n x n- matrices 
with entries in H 00 (T) . Many classical results about Hardy spaces on T have been transferred to 
the matrix- valued case. A third example is the upper triangle subalgebra T n of M„. This example 
is closely related to the second one, and is a finite dimensional nest algebra. We refer to [THl §8] for 
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more information and historical references on subdiagonal algebras, in particular, on matrix-valued 
analytic functions. 

For p < oo the Hardy space H P (A) associated with a finite subdiagonal algebra A is defined 
to be [A] p . The closure of Ao in L P (M) will be denoted by Hq(M). By convention, we put 
H°°(A) — A and £/q°(A) = Ao. These spaces exhibit many of the properties of classical H p spaces 
(see [31 El El [IZ1 [Ml US]). In particular for 1 < p < oo, L P (M) appears as the Banach space direct 
sum of H P (M) and Hq(M)*, with H P (M) appearing as the Banach space direct sum of Hq(M) and 
L P (D). In the case p = 2, these direct sums are even orthogonal direct sums. 

Recall that if a weight w on T satisfies then necessarily logw <E i 1 (T), or equivalently, 



The integrability of logu> is also equivalent to the existence of an outer function h £ if 1 (T) 
such that w — \h\. To state the outer-inner factorisation and prove the Helson-Szego analogue for 
subdiagonal algebras, we need an appropriate substitute of the latter condition. This is achieved 
by the Fuglede- Kadis on determinant. Recall that the Fuglede-Kadison determinant A(o) of an 
operator a £ L P (M) (p > 0) can be defined by 



Jo 

where dv\ a \ denotes the probability measure on K + which is obtained by composing the spectral 
measure of \a\ with the trace r. It is easy to check that 

A(a) = lim ||a|L and A(a) = inf exp r(log(|a| + el)) . 

As the usual determinant of matrices, A is also multiplicative: A(ab) — A(a)A(6). We refer the 
reader for information on determinant to [T] in the case of bounded operators, and to 113) 
for unbounded operators. 

Return to our Hardy spaces. An element h of H P (M) with p < oo is said to be an outer element 
if hA is dense in H P (M). If in addition A(h) > 0, we call such an h strongly outer. For an analysis 
of outer elements in the present context, we refer the interested reader to [5] for p > 1 and [3] 
for p < 1. We will however pause to summarise the essential points of the theory. For any outer 
element h of H P (M), both h and &(h) necessarily have dense range and trivial kernel. Hence their 
inverses exist as affiliated operators. For such an outer element, we also necessarily have that 
A(h) = A($(/i)). If indeed A(h) > 0, the equality A(h) = A($(7i)) is sufficient for h to be outer. 
Using this fact it is now an easy exercise to see that if A(h) > 0, then h is an outer element of 
H P (M) if and only if h* is an outer element of H P (M)* if and only if h is right outer in the sense that 
Ah will also be dense in H P (M). In this theory one also has a type of noncommutative Riesz-Szego 
theorem, in that any / £ L P (M) for which A(/) > 0, may be written in the form f = uh where 
u £ M is unitary and h £ H P (M) an outer element of H P (M). 

Given a state u> on M, we write (tt^, L 2 (uj) , fi u ) for the cyclic representation associated to u. The 
subspaces A* and A embed canonically into L 2 (uj) by means of the operation a i— > 7r u (a)f2 w . The 
angle between A* and Ao in L 2 (oj) is defined to be that between the closed subspaces 7r w (A*)f2 w 
and 7r w (Ao)r2 w . The latter is equal to arccosp with p given by 



In general < p < 1. A* and Ao are said to be at positive angle in L 2 (uj) if p < 1. Let P + be 
the orthogonal projection from L 2 (M) onto H 2 (M). It is then clear that P+ defines a bounded 
operator on L 2 (uj) if and only if p < 1. 



In this section we present our noncommutative Helson-Szego theorem. This theorem will prove 
to be an important ingredient in our onslaught on Toeplitz operators in the next section. As re- 
called previously, the classical Helson-Szego theorem contains the information that any finite Borcl 
measure for which the angle between A and Aq is positive must necessarily be absolutely continuous 



(2.1) 





p = sup{ | <7r u (a)n u ,7r u (&)n u )|:a £ A 0) b£ A*, ||7r u (o)fi u || < 1, ||7r u (6)fi u || < 1}. 
In view of the fact that (77^(0)^, n u (b)Q u ) = u)(b*a), this may be rewritten as 
p = sup{|cj(6*a) : a £ A 0l b £ A*,io{\a\ 2 ) < l,io{\b\ 2 ) < 1}. 
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with respect to Lebesgue measure, and moreover that the Radon-Nikodym derivative of this mea- 
sure must have a strictly positive geometric mean (|2.1[) . Before presenting our noncommutative 
Helson-Szego theorem, we first show that under some mild restrictions the same claims are true in 
the noncommutative case. LS_(M) will denote the positive cone of L P (M). 

Proposition 3.1. Let D = An A* be finite dimensional, and let uj be a state on M for which p < 1. 
Then uj is of the form u — r(g-) for some g G L\_(M). 

Proof. We keep the notation introduced at the end of the previous section. Let u n and oj s 
respectively be the normal and singular parts of uj. Firstly note that by III. 2. 14], there 
exists a central projection eo in 7r w (M)" such that for any ^ € L 2 {uj) the functionals a n- 
(■7r w (a)eo£, ip) an d a >->■ (7r w (a)eQ £, ip) on M are respectively the normal and singular parts of the 
functional a n> (jr u (a)^, ip), where eg = 1 — eg. In particular, the triples (eoir^, eoL 2 (uj), eott^) 
and (e^ir^, efj~L 2 (u;), e^fi^) are copies of the GNS representations of ui n and uj s respectively. 
Since p < 1, we must have that 



Now suppose that the singular part uj s of uj is nonzero. By Ueda's noncommutative peak-set 
theorem ]28, Theorem 1] there exist an orthogonal projection e in the second dual M** of M and 
a contractive element a of A so that 

• a n converges to e in the weak*-topology on M**; 

• Lo s (e) — uj s (t) (here uj s is identified with its canonical extension to M**); 

• a n converges to in the weak*-topology on M . 

Since the expectation $ is weak*-continuous on M, <fr(a n ) is weak* convergent to 0. But then the 
finite dimensionality of D ensures that $(a n ) converges to in norm. 

Recall that the bidual M** of M may be represented as the double commutant of M in its 
universal representation. So when this realisation of M** is compressed to the specific representation 
engendered by w, it follows that e yields a projection e in 7r w (M)" to which 7r w (a™) converges in the 
weak*-topology on 7r w (M)". This weak* convergence in 7r w (M)" together with the second bullet 
above, then yield the facts that 

• n lu (a n )fl UJ converges to efi w in the weak-topology on L 2 (ui); 

From the first bullet and the fact that {<I>(a")} is a norm-null sequence, it follows that 7r w (a n — 
$(a™))f2 w is weakly convergent to eO w , and hence that ef2 w G ^(Ao)^. But if a n converges to 
e in the weak*-topology on M**, then surely so does (a*)". In terms of the GNS representation 
for uj, this means that 7r w ((a*)™)f2 w also converges to eJ7 w in the weak-topology on L 2 (u). But 
then G 7r w (A*)O w . Then efi^ = since efi w G n u (Ao)Cl u fl 7r w (A*)fi u . But this cannot be, 
since by the second bullet this would mean that w s (l) = (e(] u , fi w ) = 0. Thus our supposition 
that uj s is nonz ero, must be false. The condition that p < 1, is therefore sufficient to force uj to be 
normal. That is lu is of the form u) = r(g-) for some g G L\(M). □ 

The following lemmata present two known elementary facts. 
Lemma 3.2. For any g G L+(M) we have that 



where s(g) denotes the support projection of g. 

Proof. For simplicity of notation we respectively write s and s$ for s(g) and s(<I>(<?)). Since s$ G D, 
we have that 



r(s$gs$) = t o $(s$gs$) = r(s^(g)s$) = 0. 
Therefore g 1 ' 2 s$ = s^g 1 ^ 2 — 0. This is sufficient to force s^ _!_ s, which in turn suffices to show 



7r a ,(A )O w n7r a ,(A*)n, 



{0}. 



*(3(ff)) > s(g), 



that s$ > s. 



□ 



Lemma 3.3. Let e be a nonzero projection in D. Then eAe is a finite maximal subdiagonal 
subalgebra o/eMe {equipped with the trace T e (-) = — 7 l tt(-)) with diagonal eke Pi (eAe)* = eDe. 
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Proof. The expectation $ is trivially still multiplicative on the compression eAe. Using the fact 
that e G D, it is an exercise to see that $ maps eAe onto eDe. It is also straightforward to see 
that the weak*-density of A + A* in M forces the weak*-density of eAe + (eAe)* in eMe, and that 
(eAe)o = eA e. □ 

Definition 3.4. Adopting the notation of the previous two lemmata, given a nonzero clement 
g £ Li_(M), we define A$(g) to be the determinant of s$<?s$ regarded as an element of (s$Ms$, t Ss ) 

Proposition 3.5. Let D = An A* be finite dimensional, and let g G L^(M) be a norm-one element 
for which the state uj = r(g-) satisfies p < 1. Then A$(g) > 0. 

Proof. It is clear from the previous lemmata that we may reduce matters to the case where 
s(<I>(<?)) = 1, and hence we will assume this to be the case. Suppose by way of contradiction 
that A(g) = 0. By the Szego formula for subdiagonal algebras [IB], we then have that 

= A(g) = inf{T( 5 |a - d\ 2 ) : a £ A , d £ D, A(d) > 1}. 

Thus there exist sequences {a„} c Ao and {d n } C D with A(d n ) > 1 for all n, so that 

T (g\ a n — d n \ 2 ) — > as n — > oo. 

By Lemma 2.2 of [5] we may assume all the d„'s to be invertible. Now let u n G D be the unitary 
in the polar decomposition d n = u n \d n \. It is an exercise to see that then {«*a„} C Ao with 
\a>n ~ d n \ 2 = \u n a n — \d n \\ . Making the required replacements, we may therefore also assume that 

{4}cD+. _ 

Since 1 < A(d n ) < \\d n \\oo for all n, we will for the sequences d n — — d n and a~n — ■wjh — "n 
(n G N), still have that t(<?|o^ — d n \ 2 ) — > as n — > oo. Now recall that D is finite dimensional. So 
by passing to a subsequence if necessary, we may assume that {d n } converges uniformly to some 
norm one element do of D + . But then by what we showed above, 

IKs(fln) — 7r(do)|| 2 = r{g\a^. - d \ 2 ) 1/2 

< T (gfa-Z\ 2 ) 1/2 +T(g\Z-d \ 2 )V 2 

< T{g\d~ n - Z\ 2 ) 1/2 + |K - do||oor( 5 ) 1/2 
-> 0. 

Thus TT g (d ) G 7r 5 (A ) (~1 7r 5 (A*). Since $(.g) is of full support, we have that $(g) 1/2 d $(g) 1/2 ^ 0. 
So 

< T^igf^d^g) 1 ' 2 ) = r(<S>(g)d ) = r(<%d )) = r(gd ). 

Therefore TT g (do) ^ 0. But this proves that the subspaces 7r g (Ao) and 7r ff (A*) have a nonzero 
intersection, and hence that p = 1. □ 

Remark 3.6. Under the assumption of the previous proposition, the support s($(g)) can be strictly 
less than 1. Indeed, consider the M 2 -valued case: M = L°°(T;M 2 ) and A = H°°(T; M 2 ). Let w 
be a weight satisfying (11. ip and g = w ® en, where en the matrix whose only nonzero entry is 
the one at the position (1,1) which is equal to 1. Then the corresponding p is less than 1 but 
fl($(ff)) = en. 

The following technical lemma is a crucial step in the proof of the classical Helson-Szego the- 
orem. The challenge one faces in the noncommutative world is that the functional calculus at 
our disposal in that context is simply not strong enough to reproduce so detailed a statement in 
that framework. However in the lemma following this one, we present what we believe to be a 
reasonable noncommutative substitute of this interesting lemma. 

Lemma 3.7. Letu = e~ 1 ^' withtp a real measurable function onT. ThenYnig^u^ij) \\e~ 1 ^— g\\oo < 
1 if and only if there exist an e > and a kg G H°°(T) so that \ko\ > e and \tp + arg(feo)| < f — ( 
almost everywhere . 

Lemma 3.8. Let u be a unitary element of M. Then there exists some f G A so that \\u— /||oo < 1 
if and only if there exists h G A so that $l(u*h) is strictly positive. 
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Proof. Suppose first that there exists / € A with ||it — /||oo < 1- We then equivalently have that 
= < 1. On setting a = ||1 -u*f\\, it follows that [[1 - 3l(u*f)\\ <a< 1, and 

hence that 

-at < $t(u*f) -1 <al. 
This in turn ensures that < (1 - a)l < 3t(u*/)- 

Conversely suppose that there exists h € A (1 M _1 so that §t(u*h) > at for some < a < 
\\3t(u*h)\\ < \\h\\, where M _1 denotes the subset of invertible elements of M. Given e > 0, set 
A = pqj- . It then follows that 

-2X3t(u*h) + X 2 \h\ 2 < - - e 2 ) 1. 
(Observe that < 1 in the above inequality.) It is clear that if e is small enough, we would have 
that 1 > ^-p| — ( 2 ^j > 0. Thus we may assume this to be the case. For simplicity of notation we 
now set 8 = — e 2 )- It therefore follows from the previous centered inequality that 

< |1 - u*{Xh)\ 2 = 1 - 2${u*(Xh) + \Xh\ 2 < (1 - 5)1. 
Hence as required, [[1 - u*(Xh)\\ 2 < (1 - S) < 1. □ 

We are now finally ready to present our noncommutative Helson-Szego theorem. In view of 
Propositions 13.11 and 13.51 it is not unreasonable to restrict attention to normal states r(g-) in 
this theorem for which A$(g) > 0. The following result is a sharpening of the result of Pousson 
\22\ Theorem 4.3], in that here the conditions imposed on the unitary u are less restrictive. This 
sharpening is achieved by means of the preceding Lemma. 

Theorem 3.9. Let g 6 L\(M) be given with \\g\\i = 1, and denote s($(y)) by s$. Consider the 
state to = r(g-). Then p < 1 and A$(g) > if and only if g is of the form g — fnufh where 

• u £ M is a partial isometry with initial and final projections s$ for which there exists some 
k G s$As$ so that 5R(w*fc) > as$ for some a > 0, 

• and fi, and /r are strongly outer elements of H 2 (M) commuting with s$ for which g + 

(t- s ^) = \f L \ 2 = \r R \ 2 . 

If in addition dim D < oo, we may dispense with the restrictions that co is normal, and that 
A*(ff) > 0. 

Proof. Set s = s$ for simplicity Suppose that g satisfies the condition A$(g) > 0. Using the 
fact that then A$((/ 1//2 ) = A<j,(g) 1 / 2 > 0, it follows from the noncommutative Rlesz-Szego theorem 
(see [5]) that there exist strongly outer elements hi : hR 6 H 2 (sMs) and unitaries vl,vr s sMs for 
which g 1 ' 2 = v L h L = h R v R . (Then also g 1 / 2 = \h L \ = \h* R \.) We set 

u = v R v L , fL = h L + s ± , f R = h R + s ± . 

It is then clear that 

g = f R uf L and g + ^ = \f L \ 2 = \f R \ 2 . 
We proceed to show that fi and f R are strongly outer. The proofs of the two cases are identical, 
and hence we do this for fi only. Notice that 

log(|/ i |)=log(|/i i |+ a - L )=log(|A i |)a. 
Since &(fi) — $(/il) + s , we similarly have that 

log(|$(/ i )|)=log(|$(/ li )|) S . 

It then follows that 

r(log|/ i |)=T( S )r s (log|/i i |) and r(log = r( S )r s (log |*(fo)|). 

Thus the outerness of hi yields that 

r(log \f L \) = r(log |$(Jx)|) > -oo, so A(f L ) = A($(/ L )) > 0. 

Then an application of Theorem 4.4] now shows that fi is strongly outer. 
On the other hand, we have 

(TT g (a)n g , Tr(b)n g ) = T{gb*a) = T{uf L b*af R ), a G A , b E A*. 
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So 

p = sup{|r( 5 6*a)| :ae A ,6e A*,r( 3 |a| 2 ) < l,r( 5 |fe| 2 ) < 1} 

= su V {\r((u(sf L b*)(af R s))\ : a G A , 6 G A* ,T(\af R s\ 2 ) < l,r(|6/£ S | 2 ) < 1} 

= su P {\t{uF 1 F 2 )\ : Fx e s# 2 (M),F 2 G H 2 (M)s, ||Fi|| 2 < 1, ||F 2 || 2 < 1}. 

In the above computation one has used the fact that fh and fu are strongly outer to approximate 
F\ and F 2 with elements of the form s/l&* and a fas where a G Ao and 6 £ A*. However, it is easy 
to check that for Fl G s.ff 2 (M), F 2 G H$(M)s 

F^eH^sMs) and ||FiF 2 ||i < ||Fx || 2 ||F 2 1| 2 . 

Conversely, by the Noncommutative Riesz Factorisation theorem [TTj [35] , for any e > and any 
F G H^(sMs) there exist F 1 G i? 2 (sMs) C s# 2 (M) and F 2 G H^sMs) C # 2 (M)s such that 

F = F 1 F 2 and ||Fi|| 2 ||F 2 || 2 < ||F||i + e. 

From these discussions we conclude that 

P = sup{|t(mF)| : F G Hq(sMs), \\F\\i < 1} 

= sup{|r s ( W F)| : F G ^(sMs), r s (|F|) < 1}. 

The norm of the restriction of the functional i 1 (sMs) — > C : a i-> r s (ua) to iJg (sMs) is by duality 
precisely the norm of the equivalence class [u] in the quotient space sMs/(Hq (sMs))°. However, it 
is well known that 

sAs = {a G sMs : r s (a6) = 0, 6 G sA s} 

(cf. e.g., 25 ). From this fact it is now an easy exercise to see that the polar (Hq (sMs)) is 
nothing but sAs. It therefore follows that 

p — inf{||u — fe||oo : k G sAs}. 

The result now follows from an application of the preceding Lemma. □ 

4. Invertibility of Toeplitz operators 

We start by recalling the definition of Toeplitz operators. Given a G M, the Toeplitz operator 
T a with symbol a is defined to be the map 

T a : H 2 (M) -S- H 2 (M) : b h> P+(ab), 

where P+ denotes the orthogonal projection from L 2 (M) onto H 2 (M). Our basic reference for 
Toeplitz operators in this context is [T5] (see also [23] ). 

We will characterise the symbols of invertible Toeplitz operators. We point out that these results 
are new even for the matrix-valued case. In achieving this characterisation, we will follow the same 
basic strategy as Devinatz [3] in his remarkable solution of this problem in the classic setting. Our 
first result essentially reduces the problem to that of characterising invertible Toeplitz operators 
with unitary symbols. 

Theorem 4.1. Let a G M be given. A necessary and sufficient condition for T a to be invertible is 
that it can be written in the form a = uk where k G A , and u G M is a unitary for which T u is 
invertible. 

Suppose that a G M is indeed of the form a = uk where k G A -1 , and u G M is a unitary. It 
is a simple exercise to see that then is invertible with inverse T k -i. Since T a T k -i = T u and 
T u Tk = T a , it is now clear that T a will then be invertible if and only if T u is invertible. 

Proof. The sufficiency of the stated condition was noted in the above discussion. To see the 
necessity, assume T a to be invertible. There must therefore exist some g G H 2 (M) so that T a g = 1. 
This in turn can only be true if there exists some h G H 2 (M) so that ag — 1 + h*. By the 
generalised Jensen inequality [HJ 3.3] we have that 

A(a)A(g) = A(ag) = A(l + h*) > A($(l + h* j) = A(l) = 1. 

Clearly we then have that Adal 1 / 2 ) = A(a) 1 / 2 > 0. So by the noncommutative Riesz-Szego 
theorem [SJ 4.14], there must exist an outer element / G H 2 (M) and a unitary v so that |a| x / 2 = vf. 
(Note then that / G M, so / must belong to A too.) Let w be the unitary in the polar decomposition 
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a = w\a\, and consider b = wla^^v. Notice that by construction bf = a. Thus T^Tf — T a . We 
will use this formula to show that Tt is invertible, from which the result will then follow. 

Firstly note that the injectivity of T a combined with the above equality, ensures that Tf is 
injective. Next notice that the equality T^Tf = T a ensures that (Tq)" 1 ^ is a left inverse for Tf. 
So Tf must have a closed range. However since / is outer, we also have that [/A] 2 = i?2(M). Since 
/A C Tf(H2(M)), these two facts ensure that the range of Tf is all of i?2(M). Hence Tf must be 
invertible. 

But if Tf is invertible, then so is Tf — Tf-. Since TfTf — T\f\% = Tj a |, the operator T| a must 
be invertible. Since cr(|a|) C a(T\ a \) by Theorem 3.5 of [18], we must have that c(|a|). In other 
words |a| must be strictly positive. But if \a\ is strictly positive, then by Arveson's factorisation 
theorem there exists some k G A -1 with \a\ = \k\. Finally let wq be the unitary in the polar form 
k = wo\k\. Then a = ww^k, which proves the theorem with u — wWq. □ 

Our next step in achieving the desired characterisation, is to present some necessary struc- 
tural information regarding unitaries u for which T u is invertible. We then subsequently use this 
structural information to obtain a characterisation of invertibility in terms of positive angle. 

Lemma 4.2. Let u G M be a unitary. A necessary condition for T u to be invertible is that it is of 
the form u = (gl)^ 1 dg^ 1 where go,9i are strongly outer elements of H 2 (M) and d a strongly outer 
element of L 2 (D) related by the conditions that 

d = $(.g ) = $(<?!*), dgo 1 ,d*Qi 1 G H 2 (M) and g*g = d*(g$g 1 )- 1 d. 

Proof. Let u G M be a unitary for which T u is invertible. Since T* = T u * is then also invertible, it 
follows that there must exist go,g\ G H 2 (M) so that T u go = 1 = T u *g\. This in turn means that 
there exist ho, hi G Hq(M) with 

ug = 1 + hi, u*gi = 1 + h\. 

Notice that we may then apply the generalised Jensen inequality 3.3] to conclude that 

AQ70) = A(«)A(so) = A(ug ) > A(l) = 1. 

Similarly A(gi) > 1. By [51 4.2 & 4.15] this means that both go and g\ are injective with dense 
range, and hence that g^ 1 and g^ 1 exist as affiliated operators. On the other hand, we have that 

gtug =gt(l + h* )€H 1 (M)* and g*u*g 1 =g^(l + h* 1 )EH 1 (M)*. 

Hence 

g* 1 ugoeH 1 (M)nH 1 (My =L 1 (D). 

If we denote this element by d, it follows that u is of the form u = (5i) -1 d<?J" . It is then clear 
that d*(glg 1 y 1 d = g^go- 

It remains to show that go and g\ are outer and that d = $(go) = ^(Si )■ To see this notice that 
since g{ G H 2 {U)* and ug = 1 + ho G H 2 {M)*, we have that 

d = $(d) = Hglugo) = <S>(gl(t + h*)) = $(^)$(1 + h*) = 

Similarly, d = $(<7o)- (Since $ maps H 2 (M) onto L 2 (T>), this equality also shows that d is in fact 
in L 2 (V), and not just L 1 (P).) It now follows from the equality g^go — d*{9\9i)~ 1 d, that 

A( ff0 ) 2 = A( 5 *. 9o ) = A{d*{g{ 9l )- l d) = A(d*) 2 A( gi y 2 = A($( ffl )) 2 A( 5l )- 2 . 

Since as was shown earlier we have that A (go) > 1, it therefore follows that < A (51) < A(Q(gi)). 
If we combine this with the generalised Jensen inequality [5J 3.3], we obtain < A(gi) = A($(gi)). 
Similarly, < A(g ) = A(&(g )). Thus by [5J Theorem 4.4], both g and g\ are strongly outer. □ 

When combined with Theorem l4.1[ the following lemma characterises the invertibility of Toeplitz 
operators in terms of positive angle. If we further combine this lemma with the noncommutative 
Helson-Szego theorem obtained in the previous section, we end up with the promised structural 
characterisation of invertible Toeplitz operators with unitary symbols. 

Lemma 4.3. Let u G M be a unitary of the form described in the previous lemma. Then T u is 
invertible if and only if A* and Aq are at positive angle with respect to the functional t(w-), where 
w = 9o9o = d'^glgi^d. 
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Proof. First suppose that T u is invertible. For any a £ A the element g^a will belong to H 2 (M). 
So the invertibility of T u ensures that we can find a constant K > so that 

\\g ah < K\\T u (goa)\\ 2 , a E A. 

Recall that by Lemma |4~21 u is of the form u — {gl)~ 1 dg^ 1 . Thus the former inequality translates 
to 

HflDolla ^KWP+iigD^da)^ a G A. 

Now observe that for any b € A , the element (#*) _1 d&* will belong to H 2 (M)*Aq C H$(M)*. 
Hence 

P + {{gl)- l da) = P+((ff 1 *)- 1 do+ 0/J)- 1 **)- 
If we now write \\f\\ w for t(w/*/) 1 / 2 , then for any a £ A and b € Ao we have that 

||o*||to = r(a*wa) 1/2 = H300II2 

< ^||P + (( 5l )- 1 rfa+(5i*)- 1 **)l|2 

< K||( 5l *)- 1 <« + &*)l|2 
= ifr((a* +b)w(a + b*)) 
= K\\a* + b\\ w 

Thus A* and Ao are at positive angle with respect to the functional t(w-). 

Conversely, suppose that A* and Ao are at positive angle with respect to the functional r (w-). 
We first show that T u has dense range, and hence that it will be invertible whenever it is bounded 
below. Let ao G H 2 (M) be orthogonal to T U (H 2 (M)). We will show that ao must then be the 
zero vector. Given a G A, the orthogonality of ao to T U (H 2 (M)) together with the fact that 
u = {gt)~ 1 dgQ , ensures that 

= (T u (g a),a ) = T(a^T u (g a)) 
= tKP+^iT 1 ^)) 
= ria^gir'da). 

However, as was noted in the first part of the proof, for any b G Ao we have that 

a^-'db* G H 2 (M)*, 

which implies that 

r(a*( 5l *)- 1 d6*) = r^KQhT 1 ^*)) = 0. 

Thus 

r(aZ(gl)- 1 d(a + b*)) = for all oeA,kA . 

Hence d*g^ 1 ao = 0, so ao = 0. 

It remains to show that T u is bounded below whenever A* and Ao are at positive angle with 
respect to the functional r(u>-). Hence assume that there exists a constant B > so that 

\\a*\\ w < B\\a* + b\\ w for all a G A, b e A . 

Since by assumption we have that d = $(gl), and since both g\ and (gl)~ 1 d belong to H 2 (M)* , it 
follows that 

d = $(d) = QiglM)-^}) = *(rf)4((ffi)" 1 d) = 

This yields that ) _1 d) = 1. Now since g\ is by assumption strongly outer, we have that 

A(pi) = A($(5i)) > by Theorem 4.4]. Consequently 

A(d) = A( 5l *)A(( ffl )- 1 d) = A(d>( ffl *))A(( ffl *)- 1 d) = A(o')A(( 5l *)- 1 rf)- 

Thus since A(d) > by the strong outerness of d, we must have that 

A(( 5l *)- 1 d) = l = A(l) = A($(( 9l *)- 1 d)). 

Hence by Theorem 4.4] (<7*) -1 d is a strongly outer element of H 2 (M)*. But this ensures that 
[(5 1 )~ 1 dA|5] = i?o(M)*. Hence for any fixed a G A, we may select a sequence {&„} C A so that 

{gD-Ubl -> (P + - Id)^;)" 1 **] e fl?(M)* in L 2 (M). 
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Finally recall that by assumption |<?o| = \(gl) 1 d\. So given any a G A, with {b n } C Ao the 
sequence as constructed above, we have that 

||<7oa|| 2 = \\a*\\ w <B\\a*+b n \\ w 
= B\\g (a + b* n )\\ 2 
= B\\\g \(a + b* n )\\ 2 

= B|||07l)-^l(a + ^)Ha 
= B\\(gl)- l d{a + b* n )\\ 2 . 

Letting n — »■ oo now yields 

\\g ah < BWP+iig^daWl = B\\T u (g a)\\ 2 for any a G A. 

Finally note that by assumption go is an outer element of H 2 (M). With goA therefore being dense 
in P 2 (M), the above inequality extends by continuity to the claim that 

||a|| 2 < B\\T u (a)\\ 2 for any a G H 2 {M). 

Thus T u is invertible. □ 

Definition 4.4. Given / G M we define the Hankel operator with symbol / by means of the 
prescription 

Hf : H 2 (M) -> P 2 (M)* : x H> P_(/x), 
where P_ is the orthogonal projection from L 2 (M) onto P 2 (M)*. 

The following lemma is entirely elementary. 

Lemma 4.5. Let f G M &e given. Then 

\m f \ H 2\\ = sup{|r(/F)| : F G Hq(M), t(\F\) < 1}. 

Proof. Since for every x € H 2 (M) we have that (Id — P-)(x) € i?o(M)i h is clear that such an 
(Id-P_)(x) will be orthogonal to any y e H 2 ( M ) * . Thus (P_(/a),b) = (/a, 6) for any a e P^(M) 
and & e P 2 (M)*. Thus 

HW/IbjH = bu P {||P_(/o)|| :aeP 2 (M),||a|| 2 <l} 

= sup{|(P_(/a), ft) I : a € H 2 (M),b e P 2 (M)*, |[a|| 2 < 1, ||6|| 2 < 1} 

= sup{|(/a, b)\ : a G P 2 (M),6 G P 2 (M)*, ||a|[ 2 < 1, ||6|| 2 < 1} 

= sup{|r(/a6*)| : a G H 2 (M),b e P 2 (M)*, ||a|| 2 < 1, ||6|| 2 < 1} 

= sup{|r(/i?)|:i?'Giro 1 (M),r(|J'|)<l}. 

Here the last equality follows from the Noncommutative Riesz Factorisation theorem from [55] and 

[IT]. □ 

We are now ready to present our final result. When taken alongside Theorem 14. 1[ this result 
fully characterises invertible Toeplitz operators. 



Theorem 4.6. Let u G M be a unitary of the form described in Lemma \4.2\ Then the following 
are equivalent: 

• T u is invertible; 

• there exists k G A such that %l(u*k) is strictly positive; 

• the Hankel operator T~L U restricted to Hq(M) has norm less than 1. 

Proof. Our aim is to apply Theorem 13.91 In this regard we point out that although this theorem 
is formulated for norm one elements of L 1 (M) + , that assumption is one of convenience and not 
necessity. Hence the value of ||w||i is no essential obstruction to applying this theorem. Next 
observe that the fact that w — g^go, not only ensures that A(u>) = A(g ) 2 > 0, but also that w 
is injective. Thus by Lemma [ITU s($(w)) — 1. We showed in the proof of the preceding Lemma 
that A((g*) _1 d) = 1 = A($((.g 1 )^ 1 (i)). Applying this fact to d*g^ 1 enables us to conclude from 
Theorem 4.4] that d*g^ 1 is a strongly outer element of P 2 (M). On setting hfj — d*g^ 1 and 
hj, = go, it follows that w is of the form 

w = d*g^ 1 (giy 1 d = d*g^ 1 [(gl)~ 1 dg Q ~ 1 ]g = h R uh L 
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with hn and Hl strongly outer elements of H 2 (M) for which we have that 
\h L \ = \g \ = w 1 ' 2 and \h* R \ = \(gty l d\ = \w\V 2 . 

With all the other conditions of this theorem being satisfied, we may now conclude from Theorem 
13.91 that A and Ag are at positive angle with respect to the functional t(w-) if and only if there 
exists a k £ A such that SR(m*/c) is strictly positive. From the proof of Theorem 13.91 we also have 
that A and A^ are at positive angle if and only if sup{|r(/F)| : F 6 Hq(M),t(\F\) < 1} < 1. The 
result now follows from an application of the preceding two lemmata. □ 

Remark 4.7. We point out that for any unitary u of the form described in Lemma l4.21 the condition 
in the third bullet of the above theorem cannot be improved in the sense that for such a unitary, 
% u must necessarily have norm 1. Suppose that u is of the form u — (gD^dg^ 1 where go,g\ are 
strongly outer elements of H 2 (M) and d a strongly outer element of L 2 (D), related by the conditions 
that d 9 Q 1 ,d*g^ 1 G H 2 (M) and g$g = d*(glg 1 )~ 1 d. Notice that {gD^d = (d* .gf 1 )* G H 2 (M)* 
must then be orthogonal to (Id — P-)(ugo). Hence we get that 

(WuGto), (gir'd) = (ugo, (gir'd) 

= ({gir'd, (gtr'd) 

= T^g^^d) 

= r{9* 9 ) l ' 2 .r{d*g^{gt)- l d)^ 

= ||sb|| a .||0?I)"^lla. 

This can clearly only be the case if ||7i u || > 1. Since we also have that \[H U \\ < IMloo = 1, the 
claim follows. 
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